INTRODUCTION AND NOTATIONS
Let M be a differentiable manifold of dimension m, endowed with a linear connection (1.1) V: I r(TM) ~ r(T*M ® TM), ~VW = (VW)V, and let ~r : E -~ M be a vector bundle over M. Typically, E will be the tangent bundle T M, the cotangent bundle T * M, the exterior tangent bundle ATM, resp., cotangent bundle AT* M, or more generally, some Dirac bundle over M. Let Fo be a vector space isomorphic to the typical fiber of E. We denote by ~r : L (Fo, E) --~ M the vector bundle of linear maps Fo -~ Ez, x E M. In other words, L(Fo, E) = Fo @ E when Fo is considered as the trivial bundle over M with fiber Fo. Let L(M) = , T M). In this article we shall deal with the following problem: Given a V-martingale X in M, we are interested in lifting X from M to L(Fo, E) in such a way that the lifted process W above X (i.e., ~r o W = X) yields a martingale taking values in the vector bundle L(Fo, E), and such that there is a one to one correspondence Z e ~VZ between the local martingales in Fo and the martingales in E which project onto X. This clearly requires a connection on E as an additional structure, i.e. a covariant derivative on TE, (1.2) v : r(TE) -~ The problem of lifting martingales and connections to vector bundles over a manifold has already been studied in [16] where horizontal and complete lifts to vector bundles were investigated. Extending our work in the case E = T M [2] , we focus here on various properties of horizontal and complete lifts, in particular in relation to the variation of families of semimartingales. We differentiate martingales with respect to a parameter, take exterior products, to obtain martingales for complete lifts of connections. Finally we relate our results to the theory of diffusion operators and stochastic flows, as developed in [10] .
Our original motivation comes from the following problem: For functions f E Coo (M) on a Riemannian manifold M it is well-known that f is harmonic (i.e., A f = 0 where A is the Laplace-Beltrami operator on M) if and only if the composition f o X with Brownian motions X on M provides real-valued local martingales. Instead of functions f, one may consider differential forms a E r(nT*M). We like to find a connection i7 on E = AT* M in the sense of ( 1.2) , such that a similar characterization holds true: a is harmonic (i.e., Aa = 0 where A is the Hodge-de Rham operator on forms) if and only if a o X is an E-valued V-martingale for any Brownian motion X on M. More generally, if E is a Dirac bundle and D its Dirac operator, we investigate connections i7 on E such that a E r(E) is harmonic (i.e., Aa := -D2a = 0) if and only if all compositions a o X with Brownian motions X give V-martingales in E.
These characterizations do not determine the connection in a unique way, as long as we consider only martingales which project to Brownian motions on M. As well-known, the full class of V-martingales determines the connection up to torsion.
The paper is organized as follows. In Section 2 we recall some results concerning complete lifts of connections to tangent and frame bundles. Theorem 2.1 ([16] [16] to connections with torsion on general vector bundles.
Note that for Le Jan-Watanabe connections, which are connections considered in most of the examples given here, the torsion term cannot be suppressed. We discuss the construction of dual connections in dual bundles and tensor products. When [10] , and can be seen as some kind of extension of the stochastic Jacobi field representation of martingales in the tangent bundle. The principal argument of our proof is Corollary C.5 in [10] . Besides the stochastic Jacobi field representation, the aim is to translate the geometric theory of diffusions on manifolds as developed in Elworthy-Le Jan-Li in [10] into the language of martingales in manifolds.
In [19] that the formula = ( ~ AB)C, where A, B E r(T M), defines a connection ~ õ n TM, called the complete lift of V.
Let w E TT M. There exists a smooth path t H-u(t) E Tx(t)M, where x(t) _ r(~(t)), such that w = i~(0). We say that w is horizontal if = 0 (note that this definition differs from the definition in [19] when the connection has torsion). Every vector splits into a horizontal and a vertical part, and for u E Tz M we denote by hu (resp. vu) the horizontal (resp. vertical) lift TuTM.
If X is an M-valued semimartingale, the deformed parallel translation along X (also called Dohrn-Guerra transport or geodesic transport in [16] Proof. We need the following relations which have been established in [2] The connection Vh will be called the horizontal lift of (V, VE) to E, or simply the horizontal lift of V if there is a canonical way of deducing V E from V. Let 
where Let us consider the three following properties for a connection V' on E:
if B is vertical (which implies that the flat vector space Ez is affinely immersed in (E, V' ) for each x EM). (iii) (D' -hJ(Y)) is linear in J for fixed vector fields X, Y E r(T M).
The following result is immediate: Let Oo denote the B7.5' -transport on E along a semimartingale X. We Proof. This is a direct consequence of Proposition 5.7 which gives the generator of Oo and Proposition 5.6 which characterizes ~~°-transports in E*, together with Proposi- (see for instance [19] , chapt. VIII; in [19] , the authors define Vh* by means of (6. qb does not coincide with the adjoint of as in Section 5. Indeed, the adjoint of ~ĩ s ~~'~'~ with,9 as in (6.3). The adjoint of will also be called the complete lift of i7 in T* M, and denoted by ~~ when there is no risk of confusion.
In the case where (M, g) is a Riemannian manifold the Levi-Civita connection associated with the metric g, the complete lift ~~ of V on TM is the Levi-Civita connection associated with the complete lift gC on T M of g (see [19] , gC is in fact a pseudo-metric). In this situation, it is easily proved that the map (6.4)
is an isometry. 
Z i=1
In particular, if X is a V' -martingale, then is a ~c-martingale. [10] . Recall that the condition on the connection described at the begin- 
